In this paper, we prove that the multicolored Ramsey number R(G 1 , .
Introduction
The Ramsey number r(G 1 , G 2 , . . . , G n ) is the smallest positive integer p such that if (E 1 , E 2 , , . . . , E n ) is an arbitrary partition of the edges of the complete graph K p , then the edge-induced subgraph E i contains a graph isomorphic to G i for some i. The classes E 1 , E 2 , . . . , E n can be visualized as color classes and the partition (E 1 , E 2 , . . . , E n ) is thought of as an edge coloring using n colors. In this paper, we give a lower bound for R(G 1 , . . . , G n , K n1 , . . . , K nr ) in terms of R(G 1 , . . . , G n ) and R(K n1 , . . . , K nr ). Using this result, we prove a generalization of Nikiforov's theorem [2] .
New results
First, consider the following lower bound for R(G 1 , . . . , G n , K n1 , . . . , K nr ).
Theorem 1. For any connected graphs G 1 , . . . , G n ,
where γ = R(G 1 , . . . , G n ) and κ = R(K n1 , . . . , K nr ).
Proof. Consider an r-coloring of the edges of K κ−1 with colors c 1 , . . . , c r such that the graph induced by color class c i does not contain K ni as a subgraph for all i ∈ {1, . . . , r}. Replace each node of K κ−1 by the complete graph K γ−1 whose edges are colored by colors d 1 , . . . , d n such that the i th color class does not contain G i as subgraph for all i ∈ {1, . . . , n}, and expand each original edge uv of K κ−1 to a complete bipartite graph between the two K γ−1 graphs that replace nodes u and v. Let the new edges added in the latter step inherit the color of uv. This way, K (κ−1)(γ−1) has been colored using colors c 1 , . . . , c r , d 1 , . . . , d n . For each i ∈ {1, . . . , n}, color class d i does not contain G i as a subgraph, because G i is connected and each connected component of
is induced by a copy of K γ−1 . By contradiction, if the edges with color c i contained K ni as a subgraph, K ni contained at most one node of each copy of K γ−1 (as they have no edges with color c i ), meaning that it is a subgraph of K κ−1 with color c i -contradicting the definition of κ.
In what follows, the bound given by Theorem 1 is shown to be tight in a special case, which will be used to derive the exact value of R(C n , K n1 , . . . , K nr ) in terms of R(K n1 , . . . , K nr ) if cycle C n is sufficiently long.
Proof. Consider an arbitrary (m + n)-edge coloring of K (γ−1)(κ−1)+1 using colors c 1 , . . . , c r , d 1 , . . . , d n . In what follows, we argue that either the graph induced by color class c i contains K ni as a subgraph for some i ∈ {1, . . . , r} or color class d i contains G i as subgraph for some i ∈ {1, . . . , n}. Let us recolor color classes c 1 , . . . , c r to a single new color c and keep the colors of the rest of edges. This way one gets a coloring of K (γ−1)(κ−1)+1 with colors d 1 , . . . , d n and c. Since R(G 1 , . . . , G n , K κ ) = (γ −1)(κ−1)+1, the new coloring contains G i in color d i for some i ∈ {1, . . . , n} or it includes K κ in color c. In the former case, we have that the original coloring (the one that uses colors c 1 , . . . , c r , d 1 , . . . , d n ) contains G i in color d i , hence we are done. Otherwise, the edges of K κ with color c (in the modified coloring) contain K κ as subgraph. Recovering the original colors (c 1 , . . . , c r ) of each edge, one gets by the definition of κ that the graph induced by color class c i contains K ni as a subgraph for at least one i ∈ {1, . . . , r}. Hence for any (m + n)-edge coloring of K (γ−1)(κ−1)+1 , the graph induced by color class c i contains K ni as a subgraph for some i ∈ {1, . . . , r} or color class d i contains G i as subgraph for some i ∈ {1, . . . , n}, which completes the proof.
In what follows, an interesting corollary of Theorem 2 is presented. Erdős at al. conjectured that R(C n , K l ) = (n − 1)(l − 1) + 1 for every n ≥ l ≥ 3 except for n = l = 3 [1] . Nikiforov proved this conjecture for n ≥ 4l + 2, see [2] . By Theorem 2, one gains the following generalization of this result.
Corollary 3. R(C n , K n1 , . . . , K nr ) = (n − 1)(κ − 1) + 1, where κ = R(K n1 , . . . , K nr ) and n ≥ 4κ + 2.
Proof. Let γ = R(C n ) = n and κ = R(K n1 , . . . , K nr ). By Nikiforov's theorem, one gets that R(C n , K κ ) = (n − 1)(κ − 1) = (γ − 1)(κ − 1) + 1. That is, the conditions of Theorem 2 are fulfilled, hence R(C n , K n1 , . . . , K nr ) = (γ − 1)(κ − 1) + 1, which completes the proof. The largest graph and its edge coloring for which the green, red and blue edges do not contain C 22 , K 3 and K 3 , respectively. The number of nodes is R(C 22 , K 3 , K 3 ) − 1 = (22 − 1)(6 − 1) = 105. The green edges form five disjoint complete graphs on 21 nodes. The red edges are the union of five complete bipartite graphs between the green complete graphs next to each other, and the blue edges are the union of five complete bipartite graph between the non-adjacent green complete graphs.
